Abstract. It is proved here that every odd perfect number is divisible by a prime greater than 10 6 .
Introduction
In what follows, a, b, c, . . . will be used to represent non-negative integers, with primes being symbolized by p, q and r. An element of the (possibly empty) set of odd perfect numbers will be denoted by N , so that σ(N) = 2N where σ is the familiar sum of divisors function. The dth cyclotomic polynomial will be symbolized by According to a result due to Bang [1] , (5) if p is an odd prime and m ≥ 3, then F m (p) has at least one prime factor q such that q ≡ 1 (mod m). It is well known, and easy to prove, that (6) N = p In [4] , it was proved that at least one of the p i in (6) exceeds 100110. In 1978, Condict [3] , in his senior thesis at Middlebury College, improved this bound to 300000, while in 1982 Brandstein [2] announced that at least one of the p i is greater than 500000. (To the best of our knowledge, however, Brandstein's announcement has never been substantiated by a public proof.) The purpose of the present paper is to improve these results by proving the following Theorem. If N is odd and perfect, then N has a prime factor which exceeds 10 6 .
Our proof will be by contradiction. Thus, we now assume without further explicit mention that p i < 10 6 for every p i in (6) , and shall show that this assumption is untenable.
Since N is perfect, and since σ is multiplicative, it follows from (1) and (6) that (6) is identical with the set of odd prime factors of the F d (p i ) in (7) . In particular, recalling our assumption we note that all of the prime factors of each F d (p i ) must be less than 10 6 . Our proof will hinge on the consequence that if r is a prime divisor of a i + 1, then every prime factor of F r (p i ) must be less than 10 6 .
Acceptable values of F r (p)
If p > 2 and r are primes, we shall say that F r (p) is acceptable if every prime divisor of F r (p) is less than 10 6 . It follows easily from (5) that if r > 500000, then F r (p) is unacceptable for every odd prime p. We shall say that the prime p is inadmissible if F r (p) is unacceptable for every prime r (with r = 2 taken into consideration only if it is possible that p is the special prime for N ).
An extensive computer search revealed that if 3 ≤ p < 10 6 and r ≥ 7, then F r (p) is unacceptable except for the 35 pairs of values of p and r listed in Table 1 . Details of the search and supporting arguments may be found in an appendix to this paper. At the suggestion of a referee, some of these arguments have been included in Section 7 of the present paper. The complete appendix appears in [5] and is available upon request from the second author.
An important set of primes
Our objective in this section is to show that N is not divisible by certain "small" primes. We assume p | N and find all acceptable values of F r (p) (with r = 2 being considered only if p might be the special prime); from (7), F r (p) | 2N for at least one acceptable F r (p) and each odd prime divisor of this F r (p) divides N ; from each acceptable F r (p) a single odd prime divisor, say q, is selected and all of the acceptable values of F r (q) are determined. This procedure is iterated until an inadmissible prime or some other contradiction is encountered, thus showing that p N . Treating the primes of X in the given order allows those already considered to be used in the elimination of subsequent ones.
We shall illustrate the method by showing that 1093 N and 151 N . The complete proof of Lemma 1 is given in the appendix mentioned in Section 2. Hopefully, the nomenclature we use is self-explanatory. We write p * to imply that p is the Table 1 and, from (7), F r (p) | N . It follows from Table 1 
Four important sets
Let S = {47, 53, 59, . . . } be the set of all primes p such that p ≡ 1 (mod 3), p ≡ 1 (mod 5) and 37 < p < 10 6 . It follows from Lemma 2, (7) and (2) Computer searches showed that S has 29451 elements, and
Let T = {61, 151, 181, . . .} be the set of all primes p such that p ≡ 1 (mod 15) and 37 < p < 10 6 . It follows from Lemma 2, (7) and (4) Computer searches showed that T has 9806 elements, and
Now, let U = {43, 73, 79, . . . } be the set of all primes p such that p ≡ 1 (mod 3), p ≡ 1 (mod 5), F 5 (p) has a prime factor which exceeds 10 6 , and 37 < p < 10 6 . It follows from Lemma 2, (7) and (4) Computer searches showed that U has 29115 elements, and
Finally, let V = {1091, 1181, 1811, . . .} be the set of all primes p such that p ≡ 1 (mod 5), p ≡ 1 (mod 3), F 3 (p) has a prime factor which exceeds 10 6 , and 37 < p < 10 6 . If p ∈ V , then p = p 0 , since 3 | F 2 (p), and it follows from Lemma 2, (7) and (4) that p N .
We have proved
Proposition 4. The number N is not divisible by any element of V .
Computer searches showed that V has 6719 elements, and
Note that S, T , U and V are pairwise disjoint.
The proof of our theorem
There are 78486 primes p such that 37 < p < 10 6 , and
. Since σ is a multiplicative function and x/(x − 1) is monotonic decreasing for x > 1, it follows from Lemma 1 (using here only that p N for p ≤ 37), Propositions 1, 2, 3, 4 and (7), (8), (9), (10), (11), (12) that
61 60
(Note that 47 and 61 appear explicitly due to Propositions 1 and 2.) This contradiction proves our theorem.
7. Some details on the search for acceptable values of F r (p)
As can be seen from Table 1 , if 3 ≤ p < 10 6 and r ≥ 7, only 35 values of F r (p) are acceptable. (Of course, it follows from (5) that F r (p) is unacceptable if r > 500000.) In establishing this fact it was essential that those F r (p) be determined which are divisible by at least the second power of a prime. The tables to be found in [6] and [7] were helpful in this regard, but their ranges were much too narrow for most of our searches.
Suppose first that 701 ≤ r < 500000 and 10 2 < p < 10 6 . A computer search showed that (i) if q < 10 6 , then q 3 F r (p) except that 3119 3 F 1559 (146917); (ii) there are at most 116 primes q such that q < 10 6 and q ≡ 1 (mod r) (and, specifically, there are 116 primes less than 10 6 and congruent to 1 modulo 751), except that there are exactly 122 primes less than 10 6 and congruent to 1 modulo 719 (13 of which, including 1439, are less than 10 5 and 109 of which are between 10 5 and 10 6 ).
Now suppose that r ≥ 701, 10 2 < p < 10 6 and all of the prime factors of F r (p) are less than 10 6 . Then, from (5), r < 500000. 6 . In each of the five exceptional cases just mentioned, F r (p) has a prime factor which exceeds 10 6 and is therefore unacceptable. The study of the remaining cases, in each of which either F r (p) is divisible by a prime greater than 10 6 or F r (p) is squarefree, yields the first 15 entries in Table 1 and no other acceptable values of F r (p). The details of this study are omitted here.
